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j SECTION 1
l INTRODUCTION
: Calculations of the source region EMP response of very long -. T
buried and elevated cables have generally been performed by the use of the .
transmission-1ine approximation to the full electromagnetic scattering _
problem. (For examples, see References 1-2.) That approximation is iﬂtlf'
i useful when the response is dominated by an approximately transverse ;b*;';:
magnetic and transverse electric wave that is guided along the cable (a .
TEM mode). Usually, if a guiding structure supports a TEM mode, that mode - }fﬁ
. dominates the response of the structure and the transmission-line theory ; .
i applies. This appears to be the case with insulated antennas and wires :f““;

: since transmission-line theory predicts their response very accurately. ;_;}g
g The opposite situation exists, however, with a bare wire in the soil or i
:} air. Although such a wire supports a guided wave that is approximately a
i TEM mode, it is very difficult to excite. Indeed, if the wire were a
perfect conductor, an infinite amount of energy would be required to

- excite the TEM mode.

.t The response of a perfectly conducting wire to a delta-function
voltage generator on the wire was investigated in Reference 3. It was
found that the results could be described by equations similar to

) transmission-line theory far from the source only if the inductance term
l was taken to be a function of distance from the source. The reason for
this behavior is that the source does not generate any modes in the wire.
Instead, it generates a wave known as a space wave that radiates out into

space. The transmission-line equations do not apply to such waves.
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The situation is much more complicated when the wire has finite
resistance. In that case, the source can excite both a space wave and
electromagnetic modes. One of those modes is approximately a TEM mode
that can be treated by transmission-line theory. The only way to deter-
mine the relative importance of these various waves is to solve the full
electromagnetic scattering problem. This is the purpose of the present

v

study.

In this report, the coupling to an infinitely long, finitely
conducting wire in homogeneous material is examined. An exact integral
expression is obtained for the current generated in the wire by a voltage-
generating source localized on the wire, The contributions of the space
wave and the individual modes are isolated by applying contour-integration
techniques. The contribution of the space wave arises as a branch-cut
integral and the contributions of the various modes rise as residues of

poles. Both the branch-cut integral and the residues are calculated
numerically to compare their relative importance. In addition, analytic
approximations for the space-wave current are obhtained for points very
near and very far from the source.

Numerical calculations were made for highly conducting lines
(where the results reduced to those obtained in Reference 3) and for lines
with resistances representative of bhuried communication and power systems.
It was found that the TEM-type mode is not excited in wires with typical L .
resistances at the frequencies of interest. Hence, the space wave is the :_ﬁfff;:

dominant contributor to the current in these wires and consequently, stan-
dard transmissinn-line theory is not applicable. Moreover, it was found -
that, with representative resistances, the current produced is quite —,.»
different from the current that would he produced on a perfectly conduct- ST
ing wire.
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SECTION 2
INTEGRAL REPRESENTATION OF THE CURRENT

The problem of the current excited by a delta-function voltage
t: generator on the surface of a straight wire has been treated in the case »
3 of a perfectly conducting wire by specifying the boundary value3,"

EZ = Vq68(2)
..,, - 4

on the surface of the wire where E; is the component of the electric
field in the direction of the wire.* When the wire has finite canduc-
tivity, however, we cannot specify the value of the field anywhere in
finite space. The problem is best treated as a scattering problem with a ;E”_“:
specified field Eﬁ incident on the wire generating a scattered field
ES that is determined by the boundary conditions at the surface of the lk. ;
wire. The incident field is the field radiated by the generator if the o 1
wire is not present. Our first task, then is to determine that field. i ;ﬁi:

In a material with finite or zero conductivity, a voltage gener- ._.iﬁ
ator produces a discontinuity in the electric field across the generator. 'fiﬁ
The magnetic field can be continuous. In this study, the generator is » :
specified to have these properties in such a way that the current it : i
produces in the wire reduces, in the Timit of infinite wire conductivity, }:;.;ﬂ
to the result already known for the current produced by a voltage genera- B
tor on a perfect conductor. The same generator has been applied by Wait® ’
and by Wait and Hi11® to study waves produced on cylindrical rods, (Those

* This problem was introduced into the EMP Jiterature in Reference 3. [t
has a long history in the antenna-theory literature. See Reference 4
and the references therein.




studies differ from ours in that they apply an approximate boundary condi-
tion at the rod surface). The generator can be thought of as a toroid
with very large current in a wire very tightly wound around a circular
ring that encircles the wire. It can be modeled mathematically by a ring
of magnetic current. We take the ring to lie in the plane z = U and to
have radius b which is larger that the radius a of the wire. Later, we
set b = a to put the source on the wire.

Consider a monochromatic electromagnetic field with angular
frequency w in an isotropic homogeneous material. It can be expressed in
terms of axial Hertz vectors in the form’

Ejr,¢,z)=VxVx[U(r,¢,z)iz] + iwqu[V(r,¢,z)iz], (la)

ﬂjr,¢,z)=Vx[nU(r,¢,z)iz]+VxVx[V(r,¢,z)iz] (1b)

in SI units where the scalar potentials satisfy the inhomogeneous Helm-

holtz equation

(V2432) U(r,8,2) = f(r.6,2) , (2a)
(V2 k%) V(ryg,2) = f,(r¢,2) (2b)

with source functions fjy and fy that are nonzero only on sources or on
-iwt

boundaries separating different materials. The time behavior e has
been suppressed in (1) and (2) and k and n are defined by
k2 = fpwn (3)

......................
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n=o-im€, (4)

where u, €, o are respectively the permeability, permittivity and
conductivity of the medium, We apply the cylindrical coordinate system

illustrated in Figure 1,

H,€2,02 r
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Figure 1. Magnetic current loop around a wire.

It follows from (1) that the axial components of the fields are

given by
2
E,(r0,2) = (K2 + 2) U(r,0,2) (5)
3z
32
Ho(rie,2) = (k2 + —5) V(r,¢,2). (6)
3z

Since the generator produces an axial electric field but no axial magnetic
field, we assume that it is a source of the potential U but not of poten-
tial V. Since the scattering by the wire does not introduce any axial
magnetic field either, we take V to be zero for both incident and
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scattered fields. Moreover, from the symmetry of the problem, the poten-
tial U(r,¢,z) is independent of ¢. For such fields, (1) reduce to

. E.(r2) = 2%U(r,2) | (7a)
'_ araz
z E¢(r.2) =0, (7b) —O
- _ 32
E,(r,2) = (k2+a7) u(r,z) , (7c) e
e
Ho(raz) =0, (7d) 4
Hy(r32) = = ?—U—;—:—’Z—) : (7e) s
Hz(r,z) =0 (7f)
and (2a) reduces to ?ﬁi;
[l-i—-(ri—) + 21—2-—-+ k2] U(r,z) = f,(r,z) (8) ifﬁ'
rar ar 322 ’ yr ‘ S
®

We now Fourier transform (7) and (8) with respect to z using the

conventions

Ah) = [ Alz)e Maz (9a) o
A(z) = _;."_ § R (h)e'Man | (9b) o

10
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to obtain (for the nonzero components)

h

2

b:. E (rgh) = ih 3U(r‘,h) , (loa)

) S

; Ez(rsh) = «2U(r,h) , (10b)

t Fl¢>(r,h) = - 3U(r,h) (10c) ;_~

: ar L

LL‘V ~ ~

. [_1.9._ r 3_) + a1 U(r,h) = f, (r,h) , (11) :

ki rar ar U S
@

¥ .

b e

& where* L

3 0

r - :
d

a = hZn? (i2)

We are now ready to solve for the field radiated by the
generator without the presence of the wire. We use a superscript i for

this field to indicate that it is the incident field in the scattering
problem. A subscript 2 is used on the material parameters € and ¢ and the
corresponding quantities k,n,a defined in (3), (4), (12) to distinguish

them from the same quantities within the wire which are indicated with

subscript 1.

Since the source function for the potential Ui(r,z) is zero :
everywhere except on the ring of radius b in the plane z=0, we have ;S;ﬁﬁ%
.
fulrsz) = éﬁ(r-b)é(z) , (13a)

* For real h, the branch of the square root in (12) is chosen so that the
imaginary part of a is positive or zero. The branch used for complex h 4!__5f
is defined later. e

11
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and therefore have

f Ksr-b) . (13b)
-

fy(rsh) =

Hence, for r#b, (11) is Bessel's equation of order zero with solutions

& S ol
- r,h) = CiHy “(ayr) for r>b , (14a)

07 (r,h) = Cpdg(ayr) for reb , (14b)
where the Hankel function in (14a) was chosen to insure outgoing waves at
r=* for positive o and the Bessel function in (14b) was chosen to insure
a finite result at r=0.

The ratio_of the constants in (14) can be determined by requiring
the continuity of He(r,h) across r=b. According to (10c), this means that

~

the r derivative of U(r,h) must be continuous. Since the derivatives of
the Hankel and Bessel functions with respect to their argument* satisfya-

fo M ary = -H (P (ar) (15a)

Jolor) = =Jy(ar) , (15b)
we find

Ca _ H1<1)(“2b)

R 16
C1 Jy(ogb) (16)

* We use a dot over a function to indicate its derivative with respect to
its argument.
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Hence, (14) can be written

vy

Pl

~3 1
- U‘(r,h) = Cod(ayb) HO( )(azr) for r>b , (17a)
- (1) o
1 U (r,h) = CoHy' “(ayb) Jg(apr) for r<b. (17p) R
i S
-: : We can solve for the constant Co in terms of the discontinuity e

in U’(r,h) across r=b, but that is unnecessary. We determine it later 1in
terms of the voltage Vi across the generator. Also, we could now assemble

the expressions for the incident electromagnetic field, but again, there
is no point in doing so. It is most convenient to solve the scattering
problem in terms of the potentials in Fourier space.

To that end, consider an infinitely long straight wire with
circular cross section of radius a. The axis of the wire lies along the z
axis. The permittivity and conductivity are e¢; and o, respectively in the
wire and €, and o, outside the wire. The permeability is taken to be u in
both materials. We take the radius b of the generator to be slightly

larger than a so that its field is incident on the wire from the outside.
After solving the scattering problem, we can let b+a so that the generator
is on the surface of the wire. The geometry is shown in Figure 1.

The incident field excites a scattered field with potential ‘,'
function US(r,z) that propagates outward away from the wire in the outer
material. The total field inside the wire has potential function
U¥(r,z). Both US(r,z) and U¥(r,z) satisfy the Helmholtz equation
(2a) with fy=0, and with k replaced by k; in the inner material and by

13
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k2 in the outer material. Hence, the Fourier transforms ﬂs(r,h) and

U (r,h) of US(r,z) and U¥(r,z) respectively satisfy Bessel's equation
with a defined in (12) replaced by a; = /kf - h? in the wire and

W) =,/k§-h2 outside the wire. Hence, we must have

US(r,h)

AH (1)(01 r) for r>
0 2 rra, (18a)

W(r,h) = BJg(ayr) for r<a , (18b)

where the particular solutions to Bessel equations were chosen in the same

way as in (14).

The constants A and B in (18) can be determined by applying the
boundary conditions that the tangential components of the electric and
magnetic fields must be continuous at the surface of the wire. According

to (10), this means that azﬁ(r,h) and nﬁgi%;ﬂl must be continuous there,
r

where ﬁ(r, h) is the Fourier transform of the total field. Outside the
wire, U(r, h) is Ul(r,h) + Us(r,h) whereas inside the wire it is Uw(r,h).
Hence, with the use of (17b) and (18), the boundary conditions become

CoaaH{!) (ayb)dg(apa)*AtHl ) (aya) = BA I, (0ga) (19a)
ComMl ) (apb) apd g (apa ) +An k) (apa) = Bnyayd(aa). (19b)

With the application of (15), (19) becomes

2 1 2 2 1
AcgHo (') (apa)-Batdg(ara) = ~Coanty () (anb)do(aza) , (20a)
14
e e e T L e L e e e relelelelen e el
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1 1
-AnZQZHl( )(aza) + Bnlaldl (ala) = ConzdzHl( )(uzb)dl ((!za)- (ZUb)

Solution of this pair of simultaneous linear equations yields

nlazdo((! a)J (ala)-a J ((1 a)J (Q a)n
A = 'COHI(I)(uzb) 2 1 1Y1\%2 0\9%1 2 ’

Gzano(l )(Gza)dl (ala)-aanHl (1 )(Gza)\.]o ((lla)
(21a)

B = -Cyny SZ-Hl(l)(azb) Hl(l:(aza)do(aza)'HO(l)(ﬁzi)Jl(“23) .
: 02"1”0( )(026)J1(01a)-c1n2H1( )(aza)do(ala)

(21b)

The numerator in (21b) is a Wronskian known to satisfy9

U (2)00@) - M (@) (2) = LZ . (22)
™l

Hence, (21b) becomes

1
_ 2C002ﬂ2 Hl ( )(azb)

. (23)

ﬂiala QanHO(l )(aza)dl (Gla)"uanHl (1 )(aza)do (ula)

2 2
According to (3) and (4), ny/n; = kp/k;. Hence, (23) can be rewritten

2 (1)
2Cqark H ab)
- 0%2h™2 1 (2 .(2)

i 2 1 2 1
mla)d "zleo( )(“23)‘]1(“13)‘0‘1"2”1( )(aza)Jo(ala)

We now have everything we need to calculate all field quanti-
ties. Since our primary interest is in the current generated in the wire,




we will concentrate on the field inside the wire. From (18b) and (24),
the Fourier .transform of the potential of the total field inside the wire
is

2 1
2C0a2k2 Hl( )(uzb)do (alr)

Tiaja

M(r,h) = -

azk%Ho(l)(aza)Jl(axa)-alszl(l)(aza)Jo(ala)
for r < a. (25)

The Fourier transform of the z component of the current density satisfies
- ~ 2 o~
Jz(r,h) = o1E%(r,h) = ajo; U%(r,h) (26)

and the Fourier transform of the total current flowing along the wire is
the integral of U(r,h) over the cross section of the wire

Hence, by combining (25) - (27) and emp]oying10

T
a a R

[ rdplagr)dr = _Jy(ayr) | = 20 (a), (28) '
0 1 0 1 - 1
we obtain :;?x #;
2 1 o

i 2 (1) 2 (1 : .

azkiHo " "(aza)di(aja)=arkaHy© "(aza)dg (aga)

(29)




The desired integral expression for the total current I(z) flowing along
the wire follows immediately if we take the inverse Fourier transform of
(29) according to (9b). The result is

2 1 .
i 2 I 3 : .
~® azleo( )(Gza)dl(ula)-alszl( )(Qza)JO(Qla)

(30)

The expression in (30) is similar to the formula applied by Wait
and Hi11® to treat the current generated on a metallic rod by a magnetic
ring current. Their formula was derived® by assuming an approximate
impedance-type boundary condition without specifying what the impedance
actually is. Such boundary conditions are known to be useful when one of
the materials has a large but finite conductivity.5 If we replace the
factor 0, outside the integral sign in (30) by n; so that I(Z) includes
the displacement current or if we approximate kf in the first term in the
denominator by iuwo;, then (30) becomes equivalent to the formula in Wait
and Hi11® if we take the series impedance of the wire to be

and our constant Cg to be

Co = D0k, (32)
20.2

where K is the strength of the magnetic ring current. The expression for
the series impedance of a wire given in (31) is one that has been used in
the EMP literature when the definition of Zg is taken to be

E;(a,z)/1(z) for axisymmetric TM fields.?2

17
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We can express Cg in terms of the voltage Vy across the voltage
generator by relating (30) to the known result for the current produced on
a perfect conductor by a voltage generator. To that end, we let b=a so
that the source is on the wire, and consider (30) in the limit as o)+=.

In that limit, the second term in the denominator in (30) is negligible
compared to the first and ol/k%+l/(ium). Hence, we have
lin 1(z) = 2 = Gt ezo) e'Man

(e B aad W

. (33)

o Ho(l)(aza)

This corresponds to the known expression in this Timit3," if we take

Co =1 av, . (34)
20y

Comparison of (34) and (32) shows that the magnetic ring current of
strength K is a voltage generator of strength V,.

The current can now be expressed terms of the voltage V; even
when the generator is not on the wire by changing a to b in (34) and
substituting into (30)

1) ;
2 I~ H ( J ihz
[(z) = - Vgkzayb f 5 1(1) (a0}, a2 )e T dh .
el azleo (aza)dl (ala)-alszl (aza)\)o (ala)
(35)
18
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Equation (35) presents an exact integral expression for the total current
generated by the source as a function of distance along the wire. Unfor-

.o

tunately, it is difficult to determine the properties of the current from
the integral in its present form. In the next section, we transform the

k]
s

integral into a form which is more amenable to asymptotic and numerical

analysis. Moreover, the transformed result provides new insight into the ¥

-~ physics of the current flow. R
Y . |
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SECTION 3
TRANSFORMATION OF THE CURRENT INTEGRAL

In this section, we transform the integral in (35) for positive
z by completing the contour of integration in the upper half plane and
applying Cauchy's theorem of the residues.*

To that end, we rewrite (35)
in the form

2
l(Z) = -Vokzole(Z) ’

(36)
where
P(z) = fw L(h)dh o
L(h) = .-_l*_g_l?{“)dl(ala)eihz

. e (38)
arks Y (02)0 0 (aya)-apk tHE ) (apa) (o)

and investigate the analytic properties of the integrand L(h) in the upper
half of the complex h plane.

e x
* We apply a procedure that is standard in the theory of guided waves. T
E.g., see Reference 11, o ]
.9 .
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3.1 MULTIVALUED FUNCTIONS AND BRANCH CUTS

The integrand L{h) involves multivalued functions a;, a,, and
Hgl)(Z) which must be made single valued by specifying the branches to be
used. For a;, we choose the branch cut to be the curve* in the complex h
plane where** aj=0. This branch cut is shown as a dashed line ending
at the branch points h=k; in Figure 2. We take a; >0 on the top
Riemann sheet and a] <0 on the bottom Riemann sheet. For a,, we take the

branch cut*** to be the vertical lines terminating at the branch points

=k, that are shown in Figure 2 as wiggly lines. The dashed curves
terminating at these branch points are curves where ay=0. In the shaded
region between each of these curves and its closest branch cut, a; is
negative on the top Riemann sheet. Elsewhere in the complex plane, a; is
positive on the top Riemann sheet. It follows from these definitions and
the original definition of a given in (12) for real h, that the

integration contour in (37) is on the top Riemann sheets of both a; and
2.

For the Hankel function Hgl)(Z), we choose the branch cut to lie
along the negative half of the imaginary axis in the complex Z plane.
This differs from the standard definition of Ho(l)(Z) which uses the
negative real axis. Our branch of the Hankel function is chosen so that
it is equal to the standard Hankel function in the upper half of the Z
plane. The branch cut fo: the Hankel function Hy(-)(aya) occurs only on
the lower Riemann sheet of a,. On that Riemann sheet, it Ties along the
dotted curve shown in Figure 2,

* This branch cut is frequently called the Sommerfield or the fundamental
cut. See Reference 11 for a discussion of the characteristics.

** We use the notation that Z' is the real part and Z" is the imaginary
part of any complex quantity Z.

***  This branch cut is called the vertical branch cut.
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Figure 2. Complex h plane. S
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Even though the point h=k, is a branch point of «;, it turns out
f that it is not a branch point of the integrand L(h). To see that, we
[ temporarily write L(h) as L(h,a;) and examine the value of the integrand
‘ on the opposite Riemann sheet of a;, by evaluating L(h,e’”'al), the result -9
! obtained when the sign of @, is changed in the right-hand side of (38).
1 We have
} .
t

22




Hsl)(uzb)Jl(e"iala)eihz

L(h,e ‘a1) = . T T .
e“‘alszs )(aza)dg(e“‘ala) - azleS )(aza)dl(e"‘ala)
(39)
With the application of®
Io(e™'z) = "M (2) , (40)
f (39) becomes
. (1
. L(h,e"a)) = — emin} )(O‘Zb)‘Jl(“l‘;) :
ﬁ‘ e"ialszS )(aza)Jo(ala) - e"iazleS )(aza)J1(“1a)
g = L{h,a). (41)

Hence, L(h) has the same value on both Riemann sheets of a;. This means
that the point h=k; is not a branch point of the integrand.

3.2 POLES

The integrand has poles where the denominator

D(h) = arkH{ (apa)dg(aga) - apkitl)(apa)0, (ara)  (42)

is zero. The equation

D(h) = 0 (43)

is a complicated transcendental equation that can not be solved
analytically.

0 . .
AR o
bt eninnddendnbibiddh




For the case of interest, however, it is easy to obtain a rough

idea of the locations of the poles in the complex h plane. Since the
conductivity of the wire is much greater than that of the outer material,
we have |k1'>>|k2|. This means that, in order to have the second term in
(42) be as small in magnitude as the first term, h must be near a zero

of azHgl)(aza)dl(ala). Since our branch of Hgl)(aza) does not have any
zeros*, the poles must be located near h=k, (the zero of a,) and/or the
zeros of Jj(®a). Since the zeros of J;(Z) are all real, all poles that
are not near h=k,, must lie near the a; branch cut (where af=0) shown as
the dashed curves terminating at *k, in Figure 2. In the limit as k;
tends to infinity, the poles near k;, tend to k, whereas the others tend to
infinity.

2
For very large |h|, ki can be neglected compared to h? in the
expression (12) for «, leading to

ih for h'>0 , (44a)

ay

(1

a; = -ih for h'<0 . (44b)

In this region, the large-arqgument approximation

J1(2) ;\[gg-cos(l - %1) =\f%; sin(z -

can be applied to obtain the locations of the zeros of J,(«;a). This

) (45)

]

shows that any poles present in this region, must be located near the
points

e (N h T (46)
4" a
on the imaginary axis for large integral N,

* §E§“Ff§hre 9.4 of Reference 8. The zero shown in the third quadrant is
on_a different Riemann sheet when our branch cut is used. Numerical
ga]cugatiuns have shown that no zeros exist in that quadrant for our

ranch.
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3.3 COMPLETION OF THE CONTOUR

For positive z, we consider the inteygral

P (z) = [ L{h)dh (47)
c

with the same integrand as the integral P(z) defined in (37) but evaluated
over the closed contour c¢c shown in Figure 2. The contour passes from

_ h'=-R to h'=R along the real axis and then along a circular arc of radius .
ﬁl R into the upper half plane until it reaches the a, branch cut. It then s

[ . passes down along the branch cut, around the branch point at k,, and back L
up to the same height on the branch cut as where it started. It then RERE
continues towards the left along a straight horizontal line until h'
reaches -ké. From there, it follows a circular arc of radius R until it

returns to the real axis. As R tends to infinity, the real axis portion
of Pc(z) becomes equal to our original integral P(z).

We begin by examining the value of the integral over the portion L
y of ¢ that is off of thezreal a;is. On that pgrtion of ¢, |h|+w as Rre, :;i.
- Hence, we can neglect k; and k, compared to h in the definitions of a; e
9 and a, so that a; satisfies (44) and a,= -ih to the left of the branch cut .
* and az;ih to the right of the branch cut. Since it was shown in Section I

2.1 that the value of L(h) is unaffected by a change is sign of a;, we
take al;ih for both positive and negative h'. For large lhl, we can use

the large argument approximationsa,

JO(Z);J;ZZCOS(Z - %) ,

(48a)
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JI(Z);\/%sin(Z -1, (48b)
1 - i(z - T

W ) =\/ge1( 7 , (48¢)
1 ~ = i(z - T

H§ )(2) = - \fﬂ_; e z 4), (48d)

valid for large IZI to approximate the functions in the integrand given in
(38). The result is

L(h) = & ™ (b=a)thzy (), (49)

where

sin(iha - %J
K(h) = — - (50)
w7 sin(iha - %J - ik cos (iha - %J

with the top sign applying to the right of the vertical branch cut and the
lower sign applying to the left,

The factor K(h) is infinite at the locations of the poles which
are near points on the imaginary axis with h" given by (46). In order to

make sure that c does not pass through a pole, we choose R to given by

R = (2N + %) : (51)

for large integral N. We then let R+»= in discrete steps by letting N+=,

-t

[
e
- -
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xS Now, consider the portion of the contour that passes from 7;352
h =k to h = -k, along a horizontal straight line. For large enough N, -

h" is approximately equal to R on this line. Hence,

| %
@r

Wt

4 h* = (2N + %J g. (52)

on the contour. Since the poles are near points that satisfy (46), the

value of K(h) is finite along the contour. Moreover, since the functions

1 in K(h) are periodic functions of h" with period of 27 for fixed h', K(h) T
}
k. is independent of N. Hence, from (49), we have ;
g < M -h"z
g |L(h)| —-TFT e , (53)
; . a h'(b-a) R
where M is the maximum value of B-|K(h)'e along the contour. Hence, | I

the value of the integral along this part of the contour tends to zero
exponentially as N+« for positive z.

Next, consider the curved portion of the contour. Here, we have L

|h'l*m as R+o, Hence

cos(iha - /4) = %_ [e-ha-'i /4 eha+1'11/4) ;%_et(haﬂ'ﬂ/ll) , (54a)

sin(iha - n/4) = L. (e-ha-im/4 _ gha*in/8) 2 3 1 o*(hatin/4) (5ap)

2i 2i
for large R where the top sign is used for the right-hand part of the -t
contour and lower sign is used for the left-hand part. Hence, ﬂfjl
.
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for large R. Combination of (55) and (49) yields

L(h)= 7 —2—— expl(-|n'[Fih")(b-a)Je 1N (56) Ln
bh (k) +k3) o

for large R. Since b-a>0, this is of the form

L(h)=f(h)eihz (57)

where 'f(h)'»u as |h|*w. Hence, it follows from the usual proofl? of
Jordan's lemma, that for positive z, the integral over this part of the

contour tends to zero as Rie,

:; Since the integral along the portion of ¢ that tends to infinity
in the upper half plane has been shown to tend to zero as Rsw, the only

portions that are left to contribute are the real axis and the branch
cut. We have

P (z) = P(z)+B(z) , (58) o

¢ [
where P(z) is the integral of interest given in (37) and B(z) is the
integral around the branch cut. According to Cauchy's theorem of the

residues!?

Pc(z)=2n1§ RJ(Z) (59)
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where Rj(z) is the residue of the jth pole and the sum is over all of

the poles in the upper-half plane on the top Riemann sheet of a,. Hence,
the integral of interest has been transformed to the form

P(z) = 2ni] R.(z)-B(z) . (60)
;9

for positive z. It remains to evaluate the two terms on the right-hand
side of (60) and to interpret them physically.

3.4 COMPLEX MODES

The integrand in Pc(z) can be written in the form

1 .
L (agb)0) (a10)e ™

L) = D(n)

(61)

with D(h) defined by (42). Since the poles hj occur at the zeros of
D(h) so that

D(hj)=0 s (62)

the residue of the jth pole is given by'®

(L) ihz
R.(z) = [Hl (02b2J1(01a)e ] ) (63)

’ D(h) h=h;

Since its z dependence is of the form e‘hiz , we see that Rj(z) ,Vﬂ ~A1

represents a wave field with axial wave number hj.




E Comparison of (62) with Equation (16) of Section 9.15 of

: Reference 7 shows that (62) is the equation for the wavenumbers of the

i complex transverse-magnetic (TM) modes of the wire. Hence, RJ(z) is the
contribution of the jth complex TM mode and the first term on the right-
hand side of (60) is the sum of the contribution of all complex TM modes
with wavenumbers in the upper half plane on the top Riemann sheet of a5.

l To obtain the amplitude of each mode, we need to evaluate D(h).
' By differentiating (42) using

da 1 % --h (64)
dh 2 (kz_ h2)1/2 «
we find
D(h) = -h[rl Hl (0.23)\.]0 (ala)+—-u2— Hl ((123)\]0 (Gla)
2 (1), K (1)
+oaH] '(aga)dg(aga) - u% Hy ’(apa)d; (@) a) )
2 +(1) k2a (1) . ?L;}ﬁ
‘klaHo (aza)Jl(ala) - ﬁui— Ho ((lza)\]l (Qla)] . (65)
’.
The derivatives of the Bessel and Hankel functions are given by the , »,_]
recursion formulas (15) and® -
. Jy(2) _ : 4
I (2) = 4o(2) - 2, (66a) -

- (1) (1) i) (2)

Hi (Z) = Ho (Z) - —— . (66b)




)
‘.
]
Hence, (65) becomes E:?ﬁfQ
| R
|
. 2 2 (1)
RTINS ajaky 1,1 Hl “(apa) . :
D(h) h{aT Hy (aza)do(ala)+T2[H0 (apa) - _a_z.a_] Jo (aya) ]
2 (1) ¢ ) R
'Y -k2 aHl (aza)Jl (ala) - a—;— HO ((128)\]1 ((!la) + ®
2 (1) Kia (1) Jj (a;a)
tkyaH) “(aza)d) (aya) - EZE%—-HO (apa)[ g (@ya) - —la%%g—]}.(67)
. ed
) ®
Combination of terms and application of
2 2 2 2
-~ ar,-o; = kz'kl » (683)
|
- 2 2 2 2 2,2 2
.:. (Xlkz - O.zkl = h (kl-kZ) , (68b)
ii yields .
2 2 T
. 2 2k, (1) (1) o
8 D(n) = h(k-ko)[—2p H) ' (@pa)dgloga) - 2 Hy (apa)dp (@ a) o
J aja2 o192 [
- = 1
1 2 1
(1) K} ) ERERE
-aH] “(apa)dy(aya) + A Hy (apa)dy(ara)] . (69) S
ajay ifi‘??
) LA

It follows from the equation (43) for locations of the poles
that the first and last terms in the square bracket in (69) are equal when

D(h) is evaluated at a pole hj. Hence,




2 2
. h'(kl'kz) 2 (1 2 1
D(n) =_!7——_ {Zleé )(aza>J1 (ala) - ah,alHé )(aza)do (ala)
J ajag J
2 1
-aa1u2H§ )(aza)dl (O.Ia)] . (70)
where h in a; and a, is to be evaluated at hJ. Equation (70) is the - ]
e
final exact expression for 0 (hj) to be substituted into the expression 1
(63) for the residue of the pole hj.
The properties of the modes of a wire in air have been studied ) :
by Sommerfeld (see Reference 14 for an account of Sommerfeld's results). i
He found that there is one mode with wave number hy near k; on the upper 3
Riemann sheet. He called this mode the principal mode and the others he 9 }‘?f:
called secondary modes. The secondary modes are attenuated much more than "o ‘
the principal one. In fact, since the wavenumber of the secondary modes
lie near the dashed line in Figure 2 that goes above k; in the complex ‘ffj§flﬁ
plane, h">, for all of these modes. Hence, they are attenuated ff""lf
J e el
even faster than is a plane wave propagating in the metal. This shows f.‘_ “
that the secondary modes are damped immediately and can be neglected after fa,:
a very short distance along the wire. For this reason, we now concentrate R
on the principal mode, which we label by j=0. o
.\. -«
Since hg=k, and since |k1\>>‘k2 , the second term in the square N
brackets in (70) is negligible compared to the first term. Hence, the iz..>Ai
expression (63) for the residue of the pole becomes Co e
o 4
2 ) ihgz N
- “1“2“& C RERRTES
Ro(z) 7 2 7 (1 Z " (71) PRI
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where h in a; and a, is to be evaluated at hy. Next, we apply the :%
2 2~ 2 ~ e
approximations kj-k, = k; and o= k| to obtain ffiQTJ
o '.J
l ° |
~ ) ihgz
Ro(z) = —; (I;ZHS (uzb)?l)o . (72) -
" 4
' Finally, since 'uzbl is very small for the principal mode, we apply the *
small-argument approximations of the Hankel functions* ]
{2y = 2z (73a) -]
) m 27 L J
1 .
i ) = - &, (73b)
" ]
|
valid for small 'Z| where T=eY and v=0.577216 is Euler's constant. The
result is
) Ro(z) = - ethoz (74)

2
bhokl[Z]n(ES%—) + 1)

where a, is to be evaluated at h=hy. % T

* Reference 8, page 360. The factor 1/i in the argument of the logarithm

in (73a) accounts for the contribution of Jg(z) =1 for small .zl. We
apply the principal branch of 1n(z) which has branch cut lying'along
the negative real axis. With this choice, the right-hand side of (73a)
) has the same branch cut as the left-hand side.
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According to (60), the contribution of Ry(z) to the integral
P(z) is 2miRg(z). Hence, it follows from (36) that the contribution
Ip(z) of the principal mode to the current in the wire is

2
Ip = - V0k2 01b2ﬂiR0(z) (75)

Application of our approximate expression (74) for the residue Rgy(z)
therefore gives

. 2 ihoZ
I - 21‘1V0k2018 . (76)

P hoki[2In (%23.%1]

Since ol/k%*(iuw)"1 as o+~ [see (3) and (4)], we see that Ip*O as o+,
This means that the principal mode is not excited by the generator if the
wire is perfectly conducting.* It should be noted, however, that Iy
tends to zero rather slowly as o, tends to infinity because in(wja) tends
to infinity slowly. This means that the contribution of the principal
mode to the current might be significant even with highly conducting
wires. To answer the question definitively, it is necessary to solve for
hg numerically in order to obtain an accurate value of a,.

Another important question that must be answered numerically is
whether the wavenumber hg lies on the upper or lower Riemann sheet. For
the case treated by Sommerfeld (see Reference 14), it is known that h
lies on the upper sheet. As the parameters vary, however, hg can cross
the branch cut to the lower sheet. In that case, the residue of the pole

does not contribute to the current.

* It can be shown easily that the same is true for all of the other modes
as well, This is the reason that modes do not appear in the analysis
in Reference 3,
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3.5 SPACE WAVE

In order to obtain a physical interpretation of the branch cut
integral B(z), we examine its asymptotic behavior for large z. Since the
imaginary part of h increases as we move up either side of the branch cut
from the branch point k;, the integrand L(z) decreases exponentially.
Hence, for large enough z, only the vicinity of the branch point contri-
butes to the integral. Near the branch point, it is useful to write D(h)

in the form

2 1)
0(h) = a2l (aga)dplana) [1 - 201 Nezaddi(@a)) (77
akoi ) (0a)0g(oa)

Since a,=0 at the branch point, the second term in the bracket is much
smaller than 1, Hence, we can expand D'l(h) in the form

2 1
L2 L (o200 (@) ] 10 “2"128 3(“26”1(“1” + .. (78)
(h) okl (apa)dg(aga)

Neglecting the higher order terms and substituting into the definition
(38) of the integrand L(h), we find

e 2 81) ,
L(h) - Hl Z(G%D)Jl(ala) [1+ dzkl}; l(aza)dl(dla) ] e-lhz . (79)
a kot ) (ay2)0 (0qa) akH{M) (a,2)00(aya)

Since 'az'b and 'az'a are small near the branch point, we apply the
small-argument approximations (73) for the Hankel functions in (79).

The result is

¢
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Ly T 20l@d) gyl aepdilega) g Tapdy) Ging (80)
bal‘kzdo (ala) kZaIJO (ala) 2i ‘ S
®

We next determine the discontinuity of L(h) across the branch
cut which results from a change in sign of a;. We have

[2 2 [ L
ay = kz-h = k2+h \,kz'h . (81) ¢

The first square root in (81) is the same on opposite sides of the branch
cut because k,+h does not change as h encircles the branch point. The .

{
second square root, however, is different. The argument of k,-h is -n/2 o
on the left side and 3r/2 on the right. Hence, the argument of yk,-h is
-n/4 on the left and 3r/4 on the right. Since 1nz=1n.z‘+i(argument of z) L
with -w<(argument of z)<s, the discontinuity of the logarithm in (80) can ;ﬁ.i;m"
be written T
1n (fo22 ~1n(fa28 = i (82)
21 "Neft side 2i "lright side . il
The corresponding discontinuity in L(h) from left side to right side is
therefore
. 2 .
mi rak Ji (a a)az] e1hz . (83) °
b kzdo (ala)al
As a result, the branch cut integral is
[
- . ~ 2 )
B(z) = ai [drdhilera) g2 g (84)
b kzdo (Gla)al
LA
36
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where
3
. 2 2
ap =\ki-k; , (85)
ko+ie 2 ihz
By = 2 az e dh . (86)
ko
- - 4
- . 1
& The integral By can be evaluated exactly. Let .

h = kz"'iK . (87)

Then By becomes

1
-
@

[N

>

N

N

~—

@

+
~nNo
-
=~

N

IQ)

~—
—
@

N

jo¥
A

= iaikoz(d 1.9 1 -]
ielk2 + 2ik,9) 2 .
(= 2 L ;

Substitution of (88) into (84) yives the asymptotic expression

. PAPE
ok onle ala aaa s

. 2 -

- - i SN

B(z) = 22" [a_‘;_ld_l(_“li)_] L‘.‘;ﬁ LY (89) R
b szo(uXa)a1 z 4
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valid for large z.

For high frequency applications, the fachr~in the brackets in
(89) can be simplified by using the approximation a, = k; and noting that
Ikl'a>>1 for typical wires.thence, we can use the large-argument
approximations (48a-b) of the Bessel functions. Since kja has large
positive imaginary part, (48a-b) can be written

Jo(a,a) = —1__ e-ilkja-n/4) | (90a)
V2mka

Ji(aa) = —i__ e-i(kja-n/4) (90b)
V2rk a

Consequently, we have

___‘Jl(f‘la) = i (91)
Jo(a,a)

The approximate expression for B(z) then becomes

2 . .
B(z) - 2ma - 1-ikpz e1k22 (92)
b ; 23

for large z and high frequency.

The contribution Ig(z) of the branch-cut integral to the
current in the wire is found by combining (89), (60) and (36) to obtain

~ ~ 2 . .
1 (z) = - Z"Vgol [351J1(?1a)] 1-1222 RLPE: (93)
B k2 aJ,(&a) z

for large z.
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The quantity Bg given in (88) is proportional to the z component
of the electric field radiated by a point electric dipole15 located at the
origin in a homogeneous medium with wavenumber k,. We are led, therefore, ;”:b;
to the following physical interpretation. The branch-cut integral yields
a current driven by the component along the wire of the electric field of
an electromagnetic wave that is radiated out by the generator. Far from
the generator, this wave has the same spatial dependence as it would have )
if it were being radiated in the outer material without the wire present.

The primary* effect of the wire is to weakly influence the magnitude of

the wave through the multiplicative factor in (84). Note that this is

true even inside the wire, where the wavenumber is very different from iJJL
ko. Because of these properties, the electromagnetic field corresponding

"1 1t §s a R

to the branch-cut integral is frequently called a "space wave.
field that is radiated into space rather than being guided by the wire (as
are the modes). The geometrical factor (1-1‘kzz)/z3 occurring in (93) is L
due to the "radiation spreading" of the wave. The reason this fall off is :
faster than the 1/z behavior of a radiation field is that the current is

produced by the z component of the electric field which is the radial

component. The radiation field that falls off as 1/z is the transverse

electromagnetic field which does not generate currents along the wire.

- Although the approximate expression (92) for B{(z) is independent
*. of wire conductivity, the range of validity of (92) is highly dependent on

o1, This is evident from the derivation of the result. In order for us
to be able to apply the expansion used in (78), it is necessary for the :
second term in the square brackets in (77) to be much smaller than one in ffff

magnitude over the portion of the branch cut where the integrand is not 2
E;j negligible. But the magnitude of the second term grows rapidly with '
o increasing distance from the branch point because 'klfz/'kz'z is large.

DL AR
"
¢

* There is another "effect" of the wire discussed in the next paragraph. .:




Hence, z must be large enough so that the factor ez cayses the inte-
grand to be negligible all along the cut except very near the branch
point. The larger is the conductivity of the wire, the faster the second
term in (77) grows and therefore the larger z must be in order for the
result {92) to be valid.

We now obtain a rough estimate of the range of validity of
(92). The second term in (77) is nearly equal to 1 at the locations of
poles. The pole hy is located very near and slightly above the branch
point.* Hence, the second term in (77) becomes comparable to 1 when the
point of integration on the branch cut reaches the height hg of the pole.

Therefore, in order for our expansion of (77) in the form of (78) to be
valid, the factor eM0Z must be negligible compared to e K2Z. The first
1
quantity will be down by a factor e~ compared to the second if
(-hg+k3)z = -1. Hence, the asymptotic result is valid if z is much larger

than the distance

S (94)

This distance can be very large because hy can be very close to k,. Since
ho approaches k, as the wire conductivity increases, the asymptotic result
is valid only at very large distances for a highly conducting wire. As

o+, the result is not valid anywhere.**

It is helpful to consider a specific example. Sommerfeld has

shown!® that

* This is known from previous numerical studies of the principal mode.
See Reference 14,

** In this 1imit, the results of Reference 3 and 4 are valid.
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ho = kp[1+(6.0+6.47)10"" ] (95)

for the case of a lmm radius copper wire in air with frequency of 10° Hz.

Since ky = 0 for air, (94) and (95) together require that
[ 4
kZZc = 1,6x10 .
Hence, z must be much more than 2.5x103 wavelengths in air or about 720m
for (92) to be valid in this case. Other numerical examples are presented

in Section 3.

3.6 NEAR ZONE

a_‘rv—_r
»

Since z must be so large for the asymptotic result to be valid,
we obtain in this section a rough idea of the behavior of the current much »
closer to the source. We wait until later to specify how small z must be

"'T‘Yﬁ » -

for the approximations to be valid, but it can be stated at this point
that z must be much less than z.. On the other hand we require that z

be large enough so that the small-argument approximations can be used for
the Hankel functions over the portion of the branch cut where the
integrand is not negligible.

On the branch cut, we have h=kz+ix with x>0 according to (87).

Since

T T TV
et '..‘-
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.1_.
o
— _;;j
oo
2 ~ . e 4
a; = (ka+h)(ka=h) = -2ik,x (96) - e
for small x, we see that the arguments of the Hankel functions are small PO
. . . . ®
if K<<(2'k2'b2)'1. We want the integrand to be negligible for « outside )
]
this range. To that end, we require that z>>zq where z4q is defined by
2 o
24 = 2|kz|b . (97) °
Then, the integrand is negligible for « too large for the small argument J
approximations to be used because ,j
o
’ei(k2+i<)zd/eikzzd el (98) 131€:5¥
2.1 i _ o DR
for k 3_(2|k2'b )=". Hence, the region of interest satisfies L
U .

24<<z<<z¢ (99)

with zq and z¢ defined by (97) and (94) respectively. Since

2 'ff;
w272 ke (100) e
ho-k> o
®
for highly conducting wires with small diameters and with the source near I
the wire, (99) covers a wide range of distances. 555"fj:
We now employ the small-argument approximations (73) for the ';;i

Hankel functions in the expression (38) for the integrand

- ihz
L(h) = 5 adl(zlz)e - . (101) e
balkzdo(ala)+aba2k1J1(a1a)1n( ;23) ,._.
i
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This expression can be simplified further by noting that when h is near -
kp, a;=k; for ’k1'>>|k2’. Then (101) becomes DR
o “1

L !

= ihz
L(h) = , adl(klale :
bkl[kzdl(kla)+ak1a2J1(kla)]n(_“ga )

(102)

1

The discontinuity in the logarithm in (102) across the branch
cut has already been discussed and is presented in (82). It follows from ]

that discussion that the argument of [(kz-h)/i]l/2 is given by

o8 M EMASMAAGMES - JMES
1
.

[ilhkp) = ¢

arg yi = (103)

ro| =

on the branch cut where the top sign applies to the right side and the -
bottom sign applies to the left. Hence, the logarithm can be written

In(fe22) - jp(faV-ilka*h) ) o W iThao)

2i 2 SURRR

3
s

b - ray-2k,. ... ]
3 = 1n (_aj-__z_)+]n/7< + Ty
. 2 2 S -
- Ta v ) + 7 s
n (_ZV i2kok) w1 (104) .
- .":-1
where the approximation kp+*h = 2k, has been used. To eliminate the square B
root in (104}, it is convenient to write jf':_'_'ﬁ-'
-.. 4
n(f222) 21 (n(ae)) £ ni] (105) :
i

where

& T




2 2
=I‘ak2
2i

A

. (106)

Substitution of (Y6) and (105) into (102) yields

- aJl(kla)eihZ

Le (h) = bk k,{kydg (kya)-ikakydy (kya)[ In(Ac )tni]} (107)

where Li(h) is the integrand on the right side of the branch cut and L_(h)
is the integrand on the left side of the branch cut.

Since the contour of the branch-cut integral passes down the
right side and up the left side of the branch cut, the integral can be
written

B(z) =i [ [Lo(h) - Ly(h)]dk (108)
0

with h = k,+ik. If we introduce the constant

W =i , 109)

Jp (kpa) ( o
. 1
R
the integrand in (1U8) becomes T 1
S ]
ihz ) ]
L_(h) _ L+(h) - a Zaleﬂe . — (110) - 4

bkika [ -iWk,-iakix In(Ac)]” -(ak,mx) -

Hence, the branch-cut integral is

."\.l.".',-" LTSRS NI T -\~ ...... EERIVAAN .-

:
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2 an
B(z) = - ZMia_eikpz [ _______xeTdx . (111)
bk 2 o [Wko+ak ;xIn(Ak) ] +(ak |mx)

We note that for high-frequency applications when the
large-argument approximations can be used for the Bessel functions, then W
reduces to 1 according to (91). Otherwise, W is a constant that depends

: on the frequency and the properties of the wire.
For « very near zero, the denominator in (111) is dominated by
the first term Wk, in the square brackets. ' The second term grows very
. rapidly with increasing «, however, because ‘k1'>>|k2', and eventually it
dominates over the first, Let «y be the smallest value of «x such that
Wk, can be neglected in (111) for «>k,. Then B(z) can be approximated by
] B(z) = Bp(z) + Byl(z) (112)
ﬁ; where
" ok -xz
B (z) = - 2mial gikpz yM _ < A< (113)
m bk o [WkatakxIn(Ax) |+ (ak «m)
2 ikoz e~ <2dk o
B (z) = - e 2% [ ST (114)
> p bk Tk , en <[InT(Ax)+n”] L.
: S
It is difficult to learn much about Bp(z) without employing : ig
numerical techniques. Two points can be made, however, First we note ERRRS
d that for* z4<<z<<l/xpy, the z dependence of By(z) arises only from -
the factor eik2Z, Hence, By(z) does not decrease due to the o
geometrical spreading of the space wave. Secondly, we note that since jl,
. Kn>0 as 91»=, Bm(z) tends to zero as the wire tends toward a perfect ; )
P EE—— = 4
*Since Km>h3-k;, this restriction requires that z<<z.. f:]_ s,
a5 N
] s |




conductor. This means that Byn(z) may be small compared to Bp(z) for
highly conducting wire.

We now turn our attention to Bp(z). The integral in (114) is
the same as occurs in the treatment of a perfect conductor in Section 4 of
Reference 3 except that (a) our factor A defined* in (106) is complex
whereas it is purely imaginary in Reference 3 and (b) the lower limit of
our integral is xy whereas it is zero in Reference 3. As a result, we
can approximate Bp(z) by the procedure used in Reference 3 with minor
modifications.

To that end, consider the integral

© e-KZdK
1 = . 115
(z) =/ TinZ ey +a?] (115)

Because of the factor e=XZ, the integrand is negligible for x larger

than some number a which is small enough that |1n(A<)|>>n for «<a. Hence,
the term in the square brackets can be expanded in a binomial series to
obtain

1{z) = E 1 (116)

where
-KZdK

[ = (-2 e (117)
n km <1n2N(Ak)

* Note also that our A is defined differently than the A of Reference 3.
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We now change the integration variable to
; ¢ = =1n(Ax) (118)
I to obtain
exp[- Z e~¢]
I = (-1)n*la2n-2 [~ A dg (119)
) n e gén
.
where ¢y is a horizontal straight line a distance arg(A) below the real
axis in the complex ¢ plane starting at -«~-iarg A and ending at
']n(AKm)c
)
' The exponent - %-e-c is real and negative all along c,. Hence,
?; the integral over the portion of the contour to the Teft of
|

tg = -In(A/z) | (120)

can be approximated by

Go
, 1(-)= (-1)n*1la2n-2 ¢ A _4¢ (121)
5 n -o-jargA £g2n

’ because the integrand decays so rapidly as ¢ moves away from &g along c¢
to the left.
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In the integral to the right of g3, the exponential term _ .
exp| - %.e'cl is approximately equal to one except in the immediate e 4
.

vicinity of Lg. Hence, we approximate this integral by

-C <

exp[- =~ e 7]-1 ®
1(+) = (-1)n+1y2n-2 f‘ln(AKm) [l 4 A | dt 1
n CO ;Zn COZn N
_ - B
- (_1)n+1“2n 2, 1 _ 1 en-1 1 1 . 4
2n-1 -1n{Akp) 2n-1 g2n-1 L }
) 1 s e g e ]

+ + + expl- = e Lhe. S
gg2n gg2n-1  gp2n 7 A B
) -]
The total integral is then - 53
RPN
[ = I(—)+ I(+)= (_1)n+l"2n-2{ 1 [ 1 ]20-1 + 2n + . @ 4
n n n 2n-1 "In(Axy) (2n-1)zy2n-1 :
( B
In(Ax ) -]

+ m4 1 f exp[- ie—c]dc} . (123) °
c02n ;OZn CC A 1

By changing the integration variable back to «, the integral on the
right-hand side of (123) becomes

[ expl-
C

e Cldg = [ © dx = E1(x2) , (124)
K

G m

=N




where Ej(xpz) is the exponential integral of order 1. For z<<1l/kp, we
can apply the small argument approximation16 of Ey(xpz).

Ey(%n2z) = -In(Txpz). (125)

Hence, the integral I can approximated by

I ; (_1)n+1n2n-2{~1___ [__L——}Zﬂ-l _ _2_(1- [_1_____J2n—1
n 2n-1 "1In(Axp) 2n-1 "1n{A/2)
, In[A/(r2)] (126)
1n2n(A/z)

for Zd<<2<<1/Km .

From the definition of A given in (106) and z4 given in (97),

we have

I‘22
‘A' = Zgg_ z (127)

2 ~
Since I /4=0.8 and a<b, the condition that z>>z4 guarantees that 'A’/z<<1

and ’1n(A/z)l>1. Kence, it is useful to note that (126) shows that

(128)

for z<1/«q.

29
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This means that the series expansion of [(z) given in (116) is
dominated by I,. From (126), we have

oL 2, In[A/(rz)]

. 12
Tn(Acp) 1n{A/z) ]n2 (A/z) (124)

By combininyg the last two terms, this can be written

1 1 1 - In(1/r)

N ey T Taiasz) Tn(A/2)

. (130)

The last term in {130} is observed to be the first part of the binomial
expansion

1 - 1 - 1 [1 _ 11’1(1/F) ]
(A In(A/z)[ 14In(1/T)/In(A/z)]  1n(A/z) In(A/z)
Iz
£ 0 [ . (131)
In (A/z)

Hence, (130) becomes

1 1 1
I, = - -+ 0 [——] . (132)
1n (Ac ) m(lr\_) In" (A/z)
z

Finally, we combine (116), (128), and (132) to obtain the
expression for I(z)

1(z) = e = =+ 0 [ =<

] (133)
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valid for zg<<z<<l/«y. This result reduces to the result in Section 4 of
Reference 3 in the limit as o;+* because «u»0 in that limit.

With the application of (133) in (114), the portion Bp(z) of the
branch-cut integral can be approximated by

= 2ni ik,z 1 1
B (Z) = —a—0e 2 [ -~ ] (134)
p bk 1k 2 1n(A—] ]“(AKm)

{ rz

g
ﬁ. The total branch-cut integral can then be written

:; - 2ni . 1

- B(z) = 2y 2" L _q] , (135)
E bklkz ]ﬂ(A_

. Iz

= where

- K

1 2. m ke “Zdx
Q= — +(ka) [ - — (136)
n (Axm) o [Wk,*ak kIn(Ak) ]+ (akxm)

for zd<<z<<1/<m.

BN BASAGCas i
‘®

WY

The contribution of the first term in the brackets in (135) is
the asymptotic value of the branch-cut integral for a perfect conductor.

ORI

. Hence, the contribution of the second term is the change introduced by the
é' finite conductivity of the wire. It is nearly independent of z for small o
Z and tends to zero in the limit as o;+<. We determine its value
numerically for a case of interest in the next section.

S e e
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SECTION 4
CURRENT DISTRIBUTION ALONG THE WIRE

In this section, we combine, summarize, and discuss the analyti-
cal results obtained in the previous sections and present numerical examp-
les. Throughout the section, the source is taken to be on the wire by
setting b equal to a.

4.1 SUMMARY OF ANALYTICAL RESULTS

The current produced by a & function voltage generator of
strength Vo located on the wire at z=0 can be written for positive z in
the form

(z) + 1 (z) (137)

I(z) = Imode space

by combining (36) with (60).
The first term in (137),

I (2) = Vo ko opa2nilR (z) , (138)
mode jd

is the contribution of the complex TM modes guided by the wire with wave-
numbers hj that satisfy the modal equation ({43). A1l of these modes
except one (known as the principal mode) are damped out immediately away

from the generator. The wavenumber hg of the principal mode is very close

LS el Jacks Senth Smr
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o
to k2 (the wave number of the material surrounding thezwige{ 3nd it can o
1ie on either Riemann sheet of the square root oy = (kz-ho)./ If hg -
lies on the upper sheet, the principal mode contributes to the current in f
the wire and the mode is said to have been excited. If hy is on the lower ;. B
sheet, the mode does not contribute to the current (Rg is then taken to be
zero) and the mode is not excited.
When it is excited, the current produced by the principal mode .
is given to a good approximation for highly conducting wires by (76),
~ 2miV kza eihgz S
1 (z) = 20 z-1 R (139) i
mode " ngky[2in(E222) 4 1] o
21 ': _‘:..-
2 - L
where a; = 2k,(k,-hg). If we set e
S

hg = kp+6 (140)

in the expression for a, and hg = k, in the denominator of (121), then
{139) can be written

- ; ih
I (Z) - 2"}V0k20181 0Z , (141)
mode ki[1n(As)+1]

where A is given by (106).

In order to evaluate (141) for any specific case, it is :
necessary to solve the modal equation (43) numerically to determine hy [
(and hence 8). This is necessary also, in order to determine whether or e

e not the mode is excited by determining whether hg is on the upper or lower ARy
Riemann sheet. It has been found numerically that the imaginary part of ﬂﬁ}jf

53
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' hg is always slightly larger than k;. This means that the attenuation of
- the principal mode is slightly greater than that of a plane wave in the
N surrounding material.

The second term in (137),

2
is the contribution of an electromagnetic wave (known as a space wave)
that radiates from the generator out into the material surrounding the .
wire. The wave number of this wave is equal to that of the surrounding ]‘““’
material but its amplitude decreases with distance from the generator N
because of the geometrical spreading of the wave as it propagates.
The distribution of current along the wire is given in (142) in [~

terms of the branch-cut integral B(z). If z>>zy4= 2|x2|a2 so that the

small argument approximations can be uysed to approximate the Hankel
functions in the integrand, B(z) is given by (111) with b=a. The

resulting expression for the current is

~ 2 . o
I (z) = -2niVgkpo,a eik2Zf ke™Zdc - > (143)
space 0 [Wky+akixIn(Ac)] +(akymc)
with W given by (109). .
T TS |
If z>>zc = (hg-k,) , then Ispace(z) can be approximated by S
(93) (with &,= k;) as -¢
- 29_; : R
I (z) = + ﬁ'l%?_l (2] 1_1_'(3,2_2 eik2Z (144) SRR
space Ky W 7 .
o
54




This is the current that would be generated in the far field of an elec-
tric dipole located at the origin and radiating into a homogeneous
material with wave number k,. The reason that the current falls off
faster than 1/z is that it is driven by the longitudinal electric field
rather than the transverse electric field of the dipole.

Since the distance z. is very large for a highly conducting
wire, it is desirable for applications to study the properties of the
current much closer to the source. In the region zg<<z<<l/kp, the
space-wave current can be written [by combining (142) and (135)] as

~ . k, _iko,z 1
I 2 2qiV 2 oikpzp 1 , 145
space(Z) oo Ef-e [1n[A/(TZ)] y (145)

where Q is given by (136). The positive number «; is the smallest value
of x for which the term Wk, in the denominator in (143) can be neglected.
The first term on the right-hand side of (145) gives the current that
would result if the wire were a perfect conductor. The second term gives
the change introduced by the finite conductivity of the wire. It tends to
zero as o;*> . Moreover, Q is nearly independent of z for z<<1l/«pg.

Hence, Ispace(z) differs from the perfect-conductor current distribution
by having a component that does not fall off due to geometrical spreading
of the space wave in this region.

The primary difference between the current distributions due to
the principal mode and the space wave is that the variation of the modal
current with z is determined by only its wavenumber hy whereas the space-
wave current varies with wavenumber k, with an additional fall off in
amplitude due to geometrical spreading of the space wave. Since hg has

slightly larger imaginary part than k2, the space-wave current will always

dominate the modal current for very large z. Closer to the source,
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however, both currents can be important. Since hg is very nearly equal to }fg.?.t

ko and since the geometrical fall-off of the space wave is very slow in ;;;.-~;

the near region, the variation of the currents with z can be nearly the -. -

same. The ratio of the amplitudes of the two current is approximated by i
Ispace |2 |[1n(as)s1] [ - q][e-8"2 (146) ]
Imode In[A/(T2)] o b

for zq<<z<<1/xp.

4.2 NUMERICAL RESULTS - e d

In order to obtain more details concerning the current
distrihution along the wire and to check the approximations, it is » .
necessary to evaluate Ipgde(z) and Igpac0(z) numerically. The first ;;;"t~;
is computed from (141) once h, has been determined by solving numerically

an approximate form of the model equation that is valid for the principal

mode. When we apply the approximation o - k, and the small argument
approximations of the Hankel functions in (42), the modal equation (43)

reduces to

2 2
Wk + iazaklln(fﬁgi) -0 . (147)

This reduces to the equation treated by Sommerfeld to study the modes of a - j
wire if W is taken to be one. Unfortunately, the numerical procedure :, : ;
applied by Sommerfeld to solve (147) does not converge for parameter §57;;,}A
values of interest in EMP problems when the correct value of W is s
applied. Consequently, we applied Muller's method 17 to solve (147)

numerically for a>, Then § was evaluated by

2 BN,
D% sl

§ = = _~_ (148)
2k o -9 J

................................
.........
.......................




according to (140) and the equation just above it.

ISpace (z) was computed numerically from (143) by using the
trapezoidal rule to evaluate the integral. The approximations of
Ispace(z) given in (144) and (145) also were evaluated numerically and
compared with the value obtained from (143). In order to apply (145), Q
given by (136) was computed using the trapezoidal rule. «p was taken to
be the value of « at which the error in approximating the integrand in
(143) (by neglecting the term Wk,) is 0.1% of the true integrand.

The values of the parameters used for the computations are
presented in Table 1. The wire parameters correspond to a copper wire
with resistance of R = 103 ohm/m. Additional computations were made for

a=7.440311Y x 10=3m and a = 7.4403119 x 1U™*m which correspond to R = 107

ohm/m and R = 10~2 ohm/m respectively. Since the wire conductivity is so
high, the term involving e; in the expressions (3) and (4) for k; was

neglected.
Table 1. Parameters used in the computations.
o1 = 5.75 x 107 mho/m
o, = 1073 mho/m
€y = 2000 €9
w = 103s-1
a = 2.3928332 x 10-3p

When the modal equation was solved, it was found that the pole
corresponding to the principal mode lies on the lower Riemann sheet for
all three values of a. This means that the residue of the pole does not
contribute to the current since the sum in (138) is the sum of the

57
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residues of the poles in the upper half of the complex h plane on the

upper Riemann sheet. Consequently, we have
for these cases.

It was found by increasing the frequency in the R = 1073 ohms/m
case that the pole crosses the branch cut onto the upper Riemann sheet
when o reaches 2.60 x 10* s=!, At that frequency, the pole begins to
contribute an amount given by

I oge(?) = - Vo (.033+.0251 JeTk2? (150)

amps at z = 1000m., As the pole crosses the branch cut, the branch-cut
integral increases abruptly by minus the amount given in (150) so that the
total current does not change discontinuously.

Computations also were made for ¢, = 5.75 x 10!2 mho/m to see if
the results agreed with the asymptotic theory of a perfectly conducting
wire. Agreement was found to at least three significant figures for z  {}§;«
less than about 10,000 m, Beyond that distance, the perfect-conductor j.>
theory begins to break down for this value of a;. [ ]

In order to display the numerical results, it is convenient to

factor out the propagation term exp(ikpz) and the strength Vg of the -
excitation. Hence, Figures 3 and 4 respectively show the real and [ 3
imaginary parts of Ip(z) defined by
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To(z) = Lz)  -ikaz (151)

plotted as a function of z on a log-log plot for the parameter values
given in Table 1 (R = 10-3 ohm/m). ]

The data shown in these figures do not agree with either of the o p
approximations of Igpace (z) presented in (144) and (145). To see why,
we now determine numerically the regions of validity of the
approximations. Both approximations require that z>>z4 in order for the

small-argument approximations of the Hankel functions to be applicable. ;:' }
Evaluation of (97) for the R = 10-3 ohm/m case shows that e
24=1.2 x 10-® m. Since this value is so small, we conclude that the
above condition will be satisfied for any point of interest along the NS
wire. i
L 4
The other conditions for validity of the approximations are much
more restrictive. In particular, in order for (145) to be valid with Q E}?j;fi
defined by (136) we require that z<<l/xy. Numerical computation of the £§~‘k:£
terms in the denominator of the integrand shows that «y = 0.83 m=! for !{>. 1
the R = 10-3 ohm/m case. (See the second paragraph above Table 1 for the R
definition of xy). This means that we require that z<<l1.2 m in order E
for (145) to be useful, Numerical evaluation of the integral expression '~f"i
for Ispace (z) and Q for very small z shows that (145) agrees with the 4’7 4
true value of Ispace (z) to within 2 percent for z<0.1 m. Hence, the R
approximation provides a useful check of our numerical evaluation of the ;jf;i:
integral but it does not provide an analytic approximation of Igpace (z) BRI

in a region of interest.

S1m11arl¥, in order for (144) to be useful, we must have A

2>>zc = (ho - k2) . For the R=10-’ ohm/m case, it is found that

Zc = 71,3 x 103 m. Numerical evaluation of the integral expression for

Ispace (z) shows that the approximation given in (144) is good to within




23 percent for z>10,000 m and to within 3.5 percent for 2>10° m. Again,

we find that the approximation provides a valuable check on the numerical g ;
evaluation of the integral for Ispace (z) but it does not provide an OO
analytic expression that is useful in the region of interest along the ®
wire.

The range of validity of the approximations can be better for
other values of wire resistance. For R=10-2 ohm/m, the value of z. is j e
found to be 770 m. Comparison of Ig(z) with the approximation correspond-
ing to (144) is shown in Figure 5. It is seen that the approximation is |
useful for z beyond about 10Km. ] |

For R=10"" ohm/m, kg is found to be 0.069 m-!, Hence, (145) T
is useful for z<<14.5 m. Figure 6 shows the comparison of the real part "
of Ig(z) with the approximation corresponding to (145). Agreement is
reasonable for z up to about 10 m. . &

Figure 6 shows also the real part of the asymptotic approxima-
tion of Iy(z) for a perfect conductor. The result is rather surprising.
Even at very small distances from the source with wire resistance as low , ° )
as R=10-* ohm/m, the perfect-conductor result is not very useful. The b
reason for the difference is easily seen by comparing the numerical values
of the integrands in the expressions for Igpace (z) for the two cases.

The absolute values of the integrands are shown in Figure 7 as a function @

S
P GNP W W

of distance up the branch cut for z=100 m. It is seen that the primary
effect of neglecting the finite resistance of the wire is to greatly
increase the magnitude of the integrand near the branch point. For the
finite resistance case, the integrand is negligible along the portion of .o _.
the branch cut that is below the pole. For the perfect conductor, 737?1215
however, that portion of the branch cut provides a significant contribu- RSO

tion to the integral which increases the absolute value of the resulting ST

current. -
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In order to display the effect that finite resistance has on the
current distribution along the wire, let Ipc(z) be the asymptotic
approximation of Iy(z) for a perfect conductor defined by

I 2nioko (152)
Z =

PC kgr]n[A/(Fz)]
and let IR(z) be defined by -

®

Io(z) = IPC(z) + IR(z) (153)
b

for the resistive wire*, With this definition IR(z) was determined 3 B
numerically for the R=10-% ohm/m case by numerical evaluation of Ig(z) ;:,.5
and Ipc(z). The results are shown in Table 2 where Ag, Apc’ Ag and 1~5?f3
60> ®pc, 9R are respectively the amplitudes in amp/m and phases in ]
radians of Ig(z), Ipc(z), and IR(z). It is seen that Ig(z) is a ® '

. <

very slowly varying function of z over a very large range. Moreover, it
is seen that IR(z) is similar in magnitude to Ipc(z) but nearly

opposite in phase. As a result, the amplitude of the current is reduced

from the perfect-conductor case by a substantial amount which is given the if; »
last column in Table 2. The results show that the decrease in current oy
amplitude is nearly independent of distance from the source over the j%ﬁﬂfiﬁ
entire range of interest. Since the current in a perfect conductor e
decreases with distance from the source, the relative change in current ‘.t. -

due to wire resistance increases with distance.

1
o
Y

* Note that for zq<<z<< 1/%y, Ip(z) is approximately proportional
to Q according to (145).
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Table 2. Change in current due to wire resistance of 10-3 ohm/m. -
Io(z) Ine(2) I,(z2)
z(m) PC R APC- A0
Ao % fApc|%c | AR | %
10° | .0816 |1.31n |.295 |1.23% |.216 |.2067 | .213 o
10 | .0517 |1.367 |.263 |1.2an {.216 |.2077 | .21
102 | .0288 |1.21n [.237 |1.24% |.216 |.209% | .208 .
103 | .0119 |-.299n|.217 |1.24n |.215 |.2207 | .205 ’ ;
10 | .00175|.2477 [.198 |1.24% |.215 |.238% | .196
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SECTION 5 °
CONCLUSIONS

The results of this study have exposed the reason that
transmission-1ine theory does not describe accurately the behavior of

. . . il R
DR SN LA SOV WU O 0P VY A S D

currents generated by localized sources on uninsulated wires. The current SRy
is dominated by an electromagnetic space wave that radiates energy out . @
into space. Since transmission-line theory applies to TEM modes guided by L{;;"-:
the transmission line, it does not describe the behavior of space waves, :i}'
Although the wire does support a guided TM mode that is approximately g
transverse electric and hence, could be described by transmission-line e
theory, the frequencies of interest are too low for the mode to be

excited. For frequencies above several KHz, the mode begins to be excited
but it still makes only a minor contribution to the total current. j}~-, -

A simple analytic approximation is available for the current
distribution along the wire in the region of interest provided that the
wire is a perfect conductor. This study has provided the numerical values i
of the correction term that must be added to account for the finite .

resistance of the wire for typical conductivities. It was found that the
correction term is nearly constant along the wire and that it is similar
in magnitude but nearly opposite in phase from the perfect-conductor
result., Consequently, an important effect of finite wire resistance is to
reduce the current amplitude by a substantial amount that is nearly
independent of distance from the source. The relative difference in the
current, however, increases with distance from the source. For R=10-3
ohm/m, the current amplitude is about 20 percent of the perfect-conductor
result for z=Im and about 5 percent for z=1000m.

...................
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ﬂ ATTN: J. Casalese ATTN: L. Minich s
- McDonnell Douglas Corp RCA Corp
- ATTN: M. Potter ATTN: G. Brucker
. ATTN: W. McCloud
- Rockwell International Corp
<, McDonnell Douglas Corp ATTN: N. Rudie
N ATTN: S. Schneider ATTN: J. Erb )
; ATTN: Tech Library Services ATTN: V. Michel =
. ATTN: D/243-068. 031-CA31 ®
v McDonnell Douglas Corp ATTN: G. Morgan .
- ATTN: T. Ender
- Rockwell International Corp RS
) Metatech Corp ATTN: B-1 Div Tic, BAOB -
ATTN: W. Radasky -
. Rockwell International Corp
. Mission Research Corp ATTN: F. Shaw
:; ATTN: C. Longmire p
. ATTN: EMP Group Rockwell International Corp o
' 2 cy ATTN: G. Sherman ATTN: B. White
' 5 ¢y ATTN: Document Control
Sanders Associates, Inc
3 Mission Research Corp ATTN: R. Despathy 4
) ATTN: M. Scales 3
| ATTN: A. Chodorow Science & Engry Associates, Inc
ATTN: V. Jones DR
Mission Research Corp o
ATTN: W. Stark Science Applications Intl Corop ’ 1
ATTN: J. Lubell ATTN: E. Parkinson
ATTN: W. Ware
Science Appliications, Inc
Mitre Corp ATTN: E. O'Donnell
ATTN: M. Fitzgerald
Science Applications, Inc
Norden Systems, Inc ATTN: W. Chadsey s o
ATTN: Technical Library ®
ATTN: D. Longo Sidney Frankel & Associates 1
ATTN: S. Frankel
Northrop Corp
ATTN: Rad Effects Grp Singer Co e
ATTN: Technical Info Center .
Pacific-Sierra Research Corp BN
ATIN: H. Brode, Chairman SAGE Sperry Corp ' :
ATTN: Technical Library o = |
Palisades Inst for Rsch Services, Inc y - 4

ATTN: Records Supervisor Sperry Corp o
ATTN: M. Cort AR

Physics International Co

ATTN: Document Control Sperry Flight Systems
ATTN: D. Schow LT

R&D Associates ORI

ATTN: Document Control SRI International - :

ATTN: C. Knowles ATTN: A. Padgett ®

ATTN: W. Karzas - - e

ATTN: C. Mo SRI International o

ATTN: P. Haas ATTN: A. Whitson

ATTN: M. Tarrasch

Rand Corp
ATTN: Lib-D Teledyne Brown Engineering
ATTN: P. Davis ATTH: F. Leopard e
ATTN: 2. Whitt "
Rand Corp [ <
ATTN: B. Bennett Texas Instruments, Inc ]
ATTN: D. Manus et
Raytheon Co ATTN: Technical Library o]
ATTN: H. Flescher R
ATTN: M. Nucefora Transients timited Corn BRI
ATTN: B. Schupp ATTN: D. Clark
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DEPARTMENT OF DEFENSE CONTRACTORS (Continued)

TRW Electronics

& Defense Sector

ATTN: 0. Adams

ATTN: H. tolloway

ATTN: R. Plebuch

ATTN:  W. Gargaro
Ray theon Co.

ATTN:  G. Joshi

DEPARTMENT OF DEFENSE CONTRACTORS (Continued)

TRW Electronics & Defense Sector
ATTN: R. Kitter
ATTN: R. Mortensen

United Technologies Corp
ATTN: Chief Elec Design
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